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TOPOLOGICAL INVARIANTS AND MILNOR FIBRE FOR
A-FINITE GERMS C2 → C3
J. FERNÁNDEZ DE BOBADILLA, G. PEÑAFORT, AND J. E. SAMPAIO
Abstract. This note is the observation that a simple combination of
known results shows that the usual analytic invariants of a finitely de-
termined multi-germ f : (C2, S) → (C3, 0) —namely the image Milnor
number µI , the number of crosscaps and triple points, C and T , and the
Milnor number µ(Σ) of the curve of double points in the target— depend
only on the embedded topological type of the image of f . As a conse-
quence one obtains the topological invariance of the sign-refined Smale
invariant for immersions j : S3 # S5 associated to finitely determined
map germs (C2, 0) → (C3, 0).
1. Introduction
Let f : (C2, S) → (C3, 0) be an A-finite multi-germ (for A-finiteness and
related notions, we refer the reader to [8]). We write
X = im f ⊆ (C3, 0)
for the image of f . Associated to X, there is the Milnor fibre
F = g−1(δ) ∩B,
where g = 0 is a reduced equation for X, B is a small ball around the origin
of C3 and δ is nonzero and small enough. In the previous version of this work,
we related betti numbers bi(F) (with coefficients in Z2) to analytic invariants
associated to A-finite germs, namely the numbers C, T of crosscaps and triple
points and the Milnor number µ(D) of the double point curve in the source
of f . The main point of finding these relations was that, together with some
other relations and the fact that the betti numbers (with any coefficients)
of F are invariants of the embedded topological type of X [3], they implied
then that C, T , the image Milnor number µI and the Milnor number µ(Σ) of
the double point in the target, depend only on the topological type of X. As
a consequence we proved the topological invariance of the sign-refined Smale
invariant for immersions (C2, 0)→ (C3, 0) associated with finite map germs.
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However, Siersma communicated to us that our expression for b1(F) was
incorrect, and pointed us to a paper of van Straten [16] we were unaware
of, where the correct formula is provided. After replacing our mistaken
statement by the correct expression of b1(F), the mentioned approach to
show the topological invariances becomes hopeless.
Nevertheless, it turns out that one can combine the Euler characteristic
formula (which was obtained before by other authors, as we will mention be-
low), the Marar-Mond formulae, the topological invariance of C−3T (proved
by Némethi and Pintér [9]) and a result of Lê [3] to recover the topological
invariances claimed above.
We shall describe now the A-invariants of f we are dealing with: The
target double point space of f is
Σ = Sing(X).
Being a reduced curve with an isolated singularity, Σ has a well defined
Milnor number [1]. The source double point space
D = f−1(Σ)
is a disjoint collection of germs of plane curves with isolated singularity [4],
[5]. It is immediate that the Milnor numbers of each of the components of
D and µ(Σ) are holomorphic A-invariants of f . We denote by µ(D) the sum∑
z∈S µ(D, z).
Let F = (fs, s) : (C
2×C, S)→ (C3×C, 0) be a stabilization of f , and let
fs : Us → C
3 be a stable perturbation of f . The space
Xs = fs(Us)
is called the disentanglement of X. The homotopy type of Xs does not
depend on the chosen stabilization, and it is that of a wedge of 2-dimensional
spheres [7]. The number of spheres,
µI = b2(Xs),
is a holomorphic A-invariant of f known as the image Milnor number of f .
Being the image of a stable mapping, the disentanglement can only exhibit
the following three classes of singularities: transverse double points, cross-
caps and transverse triple points. Crosscaps and triple points are isolated
singularity types and give rise to holomorphic A-invariants of f , namely
C = # cross-caps in Xs,
T = # triple points in Xs.
We thank D. Sierma and M. Tibar for their careful reading of the previous
version of this paper, during which they spotted the existence of a problem
with our computation of b1(F), and for pointing us to the papers [14], [16],
which we initially missed. We also thank A. Nemethi for explanations of his
work with G. Pintér on Smale invariants.
2. The betti numbers of F (corrected)
In Theorem 1.1 of the previous version of this work, we mistakenly claimed
that the first betti number of F, with Z2 coefficients, behaves as follows:
(i) If C = 0 then b1(F,Z2) = T + 1.
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(ii) If C 6= 0 then b1(F,Z2) = T .
To compute b1(F), we employed the Homology Splitting method, intro-
duced by Siersma in [10] and [11]. A full explanation of the method, and
further related references, can be found in Sierma’s survey paper [13], and
in the recent paper by Siersma and Tibar [14], which presents the latest
evolution of the method for 1-dimensional critical set. However, Siersma
pointed out that b1(F) had been computed previously by Van Straten and
the result differed from ours. A mistake, related to the local model around
triple points, was then spotted in our computations. The correct statement,
a particular case of [16], is as follows:
Proposition 2.1. Let f : (C2, S)→ (C3, 0) be an A-finite multi-germ. Then
b1(F) = |S| − 1.
Having found b1(F), calculating b2(F) amounts to computing the Eu-
ler characteristic of F. This has been previously achieved by Siersma and
Massey, see [12], Section 4 and [6] Section 4. It can also be deduced from T.
de Jong’s formula for the Euler characteristic of the Milnor fibre (see [2]),
and formulae from de Jong, Pellikaan, Marar and Mond for multi-germs (see
Lemma 3.2). It also can be deduced from [14], Proposition 3.3.
In what follows, by saying that f is non regular we mean that f is not a
mono-germ of embedding.
Proposition 2.2. [Siersma, Massey-Siersma] Let f : (C2, S) → (C3, 0) be
an A-finite non regular multi-germ. Then
χ(F) = µ(D) + 2C − 3T.
The formula does not coincide literally with the expressions stated in [12] [6],
but it is equivalent to them using Marar-Mond formulae stated below.
3. Topological invariants
A key element for the proofs of topological invariances is contained in work
of A. Némethi and G. Pintér [9] where, among other things, they prove the
following: If a finite mono-germ has C <∞, then C coincides with the sign-
refined Smale invariant of the associated link embedding. As consequences
of this, they obtain the C∞ A-invariance of the number of cross-caps, and
they prove the following result:
Proposition 3.1. If f : (C2, 0) → (C3, 0) is an A-finite mono-germ, then
C − 3T is invariant by topological A-equivalence.
Apart from the results of Némethi and Pintér, we use the following adap-
tations for multi-germs of formulae for mono-germs due to Marar and Mond
[4, 7] (a previous unpublished mono-germ version of the first formula is at-
tributed to de Jong and Pellikaan [4]). The first two formulae are used in the
proof of Theorem 3.3, the third and fourth are included for completeness.
Lemma 3.2. Let f : (C2, S)→ (C3, 0) be a non-regular A-finite multi-germ
and let r = |S|. Then
µI = µ(D)− µ(Σ)− T,
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µ(Σ) =
1
2
(µ(D)− C + 2T − r + 2).
Let σ be the number of singular branches of the image of f . Let D2 be the
closure of the set {(x, x′) ∈ C2×C2 | x 6= x′, f(x) = f(x′)} and let D2/S2 be
the quotient complex space obtained by identifying (x, x′) and (x′, x). Then
µ(D2) = µ(D)− 6T + r(r − 2) + σ,
µ(D2/S2) = µ(Σ)− 4T +
r(r − 1)
2
+ σ − 1.
Proof. We include only the proof of the first formula; the proofs for the
remaining ones have similar flavor and can be easily adapted from Marar
and Mond original formulae [4]. With notations as in the proof of the Euler
characteristic formula χ(F) = µ(D)+2C−3T , we have that µI = χ(Xs)−1 =
χ(Xs \ Σs) + χ(Σs) − 1 = χ(Us) − χ(Ds) + χ(Σs) − 1. Now the claim
follows from the equalities χ(Us) = r, χ(Ds) = r − µ(D) + 3T and χ(Σs) =
1− µ(Σ) + 2T . 
Theorem 3.3. The numbers µI , C, T , µ(Σ) and the collection of µ(D, z), z ∈
S depend only on the embedded topological type of X. In particular, they are
topological A-invariants of f .
Proof. Let f : (C2, S) → (C3, 0), f˜ : (C2, S˜) → (C3, 0) be two A-finite map-
pings, and let (X, 0) and (X˜, 0) be their images. Assume that there exits
a homeomorphism ψ : (C3, 0) → (C3, 0) taking (X, 0) to (X˜, 0). Denote by
Σ, D, Σ˜ and D˜ the double point loci of at the target and source of f and
f˜ , respectively. The local homeomorphism type of (X, 0) at a general point
of Σ (the union of two planes meeting in a line) is different from the local
homeomorphism type of a point of X˜ \ Σ˜, hence we have that ψ(Σ) = Σ˜.
Observe that f and f˜ are the normalization mappings of (X, 0) and (X˜, 0).
By uniqueness of the topological normalization, there exists a homeomor-
phism φ : (C2, S)→ (C2, S˜) lifting ψ. In other words, the germs f and f˜ are
topologically A-equivalent.
The topological A-equivalence implies that the cardinality of S coincides
with the cardinality of S′. Since ψ(Σ) = Σ′, we deduce that φ(D) = D′.
Being D and D′ plane curves, this implies by [3] that the collection of Milnor
numbers of the multi-germ of plane curves (D,S) coincides with that of
(D′, S′).
Let C and C˜ be the number of crosscaps of f and f˜ . Let r = |S| and,
for j = 1, . . . r, let f (j), f˜ (j) and φ(j) be the branches of f, f˜ and φ, ordered
in a way that f (j) and f˜ (j) are topologically A-equivalent via φ(j) and ψ.
Observe that all f (j) and f˜ (j) are A-finite, hence they have well defined
numbers of crosscaps and triple points, respectively C(j), T (j), C˜(j) and T˜ (j).
Similarly, let F(j), F˜(j),D(j) and D˜(j) the corresponding Milnor fibres and
double point curves. Since f (j) and f˜ (j) are topologically A-equivalent, their
images have the same embedded topological type. This implies the equality
χ(F(j)) = χ(F˜(j)) by [3]. By the A-equivalence of f (j) and f˜ (j) we have
that D(j) and D˜(j) have the same embedded topological type, and hence
µ(D(j)) = µ(D˜(j)). Comparing both Euler characteristics, we conclude that
2C(j) − 3T (j) = 2C˜(j) − 3T˜ (j), by virtue of Proposition 2.2. On the other
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hand, Proposition 3.1 states that C(j) − 3T (j) = C˜(j) − 3T˜ (j). Both things
together imply C(j) = C˜(j) and T (j) = T˜ (j) and, since C =
∑r
j=1C
(j) and
C˜ =
∑r
j=1 C˜
(j), we conclude that C = C˜.
So far we know that |S|, χ(F), C and the collection of Milnor numbers
of the multi-germ (D,S) depend only on the embedded topological type of
X. That the same applies to T, µI and µ(Σ) follows immediately from the
formulae χ(F) = µ(D) + 2C − 3T , µ(Σ) = 12(µ(D) − C + 2T − r + 2) and
µI = µ(D)− µ(Σ)− T . 
As a direct consequence, we obtain the following (see [9] for definitions):
Corollary 3.4. The Smale invariant is a topological A-invariant for those
immersions j : S3 # S5 associated to A-finite map germs (C2, S)→ (C3, 0).
More strongly, it only dependes on the embedded topological type of the image
of the immersion.
References
[1] R. Buchweitz and G. M. Greuel. The Milnor number and deformations of complex
curve singularities. Invent. Math. 48 (1980), no. 3, 241–282.
[2] T. de Jong. The virtual number of D∞ points. Topology 29, (1990), pp. 175-184
[3] Lê Dúng Tráng. Calcul du nombre de cycles évanouissants d’une hypersurface com-
plexe. Annales de l’institut Fourier 23 (1973), no. 4, 261–270.
[4] W. L. Marar and D. Mond. Multiple point schemes for corank 1 maps. J. London
Math. Soc. 2 (1989), no. 3, 553–567.
[5] W. L. Marar, J. J. Nuño Ballesteros, and G. Peñafort Sanchis. Double point curves
for corank 2 map germs from C2 to C3. Topology Appl. 159 (2012), no. 2, 526–536.
[6] D. Massey, D. Siersma. Deformation of Polar Methods. Ann. Inst. Fourier, vol. 42,
no. 4 (1992), p. 737-778.
[7] D. Mond. Vanishing cycles for analytic maps, singularity theory and applications
(warwick 1989), vol. 1462, Springer, New York, 1991.
[8] J.J. Nuño-Ballesteros and D. Mond, Singularities of Mappings, Grundlehren der
mathematischen Wissenschaften, vol. 357, Springer International Publishing, 2019.
[9] A. Némethi, G. Pintér. Immersions associated with holomorphic germs. Commentarii
Mathematici Helvetici, 90 (3). pp. 513-541, (2015).
[10] D. Siersma. Isolated line singularities. Singularities, Part 2 (Arcata, Calif., 1981),
485-496, Proc. Sympos. Pure Math., 40, Amer. Math. Soc., Providence, RI, 1983.
[11] D. Siersma. Hypersurfaces with singular locus a plane curve and transversal type A1.
Singularities (Warsaw, 1985), 397-410, Banach Center Publ., 20, PWN, Warsaw,
1988.
[12] D. Siersma. Vanishing cycles and special fibres. Singularity Theory and its Applica-
tions, Warwick 1989, Part I. Springer Lecture Notes in Mathematics vol. 1462, (1991),
292-301.
[13] D. Siersma. The vanishing topology of non isolated singularities. New developments
in singularity theory (Cambridge, 2000), 447-472, NATO Sci. Ser. II Math. Phys.
Chem., 21, Kluwer Acad. Publ., Dordrecht, 2001.
[14] D. Sierma, M. Tibar. Milnor Fibre Homolgy via Deformation. W.Decker et al. (eds),
Singularities and Computer Algebra, Springer 2017, (305-322)
[15] S. Smale. The classification of immersions of spheres in Euclidean spaces. Annals of
Mathematics, 69(1959), no. 2, 327–344.
[16] D. van Straten. Weakly normal surface singularities and their improvements, section
4.4. Thesis at Rijksuniversiteit Leiden, 1987. Better available at D. van Straten. On
a Theorem of Greuel and Steenbrink. In Dekker (etc) Singularities and Computer
Algebra (etc) 353-364 (springer Verlag 2017).
6 J. FERNÁNDEZ DE BOBADILLA, G. PEÑAFORT, AND J. E. SAMPAIO
Javier Fernández de Bobadilla: (1) IKERBASQUE, Basque Foundation
for Science, Maria Diaz de Haro 3, 48013, Bilbao, Basque Country, Spain;
(2) BCAM, Basque Center for Applied Mathematics, Mazarredo 14, 48009
Bilbao, Basque Country, Spain; (3) Academic Colaborator at UPV/EHU.
E-mail address: jbobadilla@bcamath.org
G. Peñafort: BCAM, Basque Center for Applied Mathematics, Mazarredo
14, 48009 Bilbao, Basque Country, Spain.
E-mail address: gpenafort@bcamath.org
José Edson Sampaio: (1) Departamento de Matemática, Universidade Fed-
eral do Ceará, Rua Campus do Pici, s/n, Bloco 914, Pici, 60440-900, Fortaleza-
CE, Brazil.
(2) BCAM - Basque Center for Applied Mathematics, Mazarredo, 14 E48009
Bilbao, Basque Country - Spain.
E-mail address: edsonsampaio@mat.ufc.br
